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Abstract
The N = 4 SU(2)k superconformal algebra has the global automorphism
of SO(4) ≈ SU(2)×SU(2) with the left factor as the Kac-Moody gauge
symmetry. As a consequence, an infinite set of independent algebras labeled
by ρ corresponding to the conjugate classes of the outer automorphism
group SO(4)/SU(2)=SU(2) are obtained a` la Schwimmer and Seiberg. We
construct Feigin-Fuchs representations with the ρ parameter embedded for
the infinite set of the N = 4 nonequivalent algebras. In our construction the
extended global SU(2) algebras labeled by ρ are self-consistently represented
by fermion fields with appropriate boundary conditions.
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Two dimensional conformal and superconformal field theories have become the fun-
damental subject for study in pursuing superstring theories in particle physics or two
dimensional critical phenomena in statistical physics. The underlying superconfor-
mal algebras with N=0,1,2,3 and 4 have been much studied, and their representation
theories have been investigated to a great extent.
In particular it is well recognized nowadays that the so-called Feigin-Fuchs (FF)
representations (or the Coulomb-gas representations) [1] are very important and almost
inevitably required tools for investigating the representation theories of the conformal
and superconformal algebras. By now we have established the FF representations of
the superconformal algebras with higher number of supercharges [2, 3, 4, 5, 6], up to
N=4 [7, 8, 9].
On the other hand, the spectral flows resulting from the inner automorphisms of
the conformal and superconformal algebras with N=2,3 and 4 were first recognized by
Schwimmer and Seiberg [10], and their remarkable implications on the representation
theories of the algebras have been discussed by many people [11, 12, 13].
In their same paper [10] was presented the mechanism through which the truly
different types of algebras arise for each N . In general, a given algebra has a global
automorphism group G. Then, the different types of algebras are obtained by impos-
ing boundary conditions on the generators of the given algebra and are labeled by the
conjugate classes of G. However, some of the twists introduced in this manner can be
removed by operating the local gauge transformations on the algebras which are re-
flected by the presence of the Kac-Moody subalgebras. The truly independent algebras
are then labeled by those conjugate classes of the global automorphisms not contained
in the local automorphisms. In other words, the independent algebras correspond to
the conjugate classes of the outer automorphism group of the algebra, while the inner
automorphisms give equivalent algebras.
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In the present paper we shall study the N = 4 SU(2)k superconformal algebra from
this algebraic point of view. The N = 4 SU(2)k superconformal algebra has the global
SU(2) as well as the local SU(2) Kac-Moody symmetries embedded. Consequently the
algebra exhibits the global automorphism group structure of SO(4)≈SU(2)×SU(2), re-
sulting in the infinite set of algebras through periodicity conditions imposed on the
generators. Removing some of the twists by use of the local SU(2) gauge transforma-
tions, the truly independent algebras are obtained which are labeled by ρ corresponding
to the conjugate classes of the outer automorphism group SO(4)/SU(2)=SU(2).
In order to make the paper self-contained and also to fix our notations, we shall
first summarise the known results which are relevant to our study. Then, we shall
construct the FF representations of the truly independent algebras being labeled by the
ρ parameter. The representation theories along this line has not been fully investigated
so far. The attempt to construct unitary representations of the ρ-extended algebras
has been challenged [14], but has remained to be unsuccessful. Our construction of the
FF representations allow one to study not only the unitary, but also the nonunitary
representations of the infinite set of the ρ-extended algebras.
The N=4 SU(2)k superconformal algebra is defined by the form of the opera-
tor product expansions (OPE) among operators given by the energy-momentum ten-
sor L(z), the SU(2)k local nonabelian generators T
i(z), and the iso-doublet and iso-
antidoublet supercharges Ga(z) and G¯a(z) [7, 8, 15]:
L(z)L(w) ∼ 3k
(z − w)4 +
2L(w)
(z − w)2 +
∂wL(w)
z − w ,
T i(z)T j(w) ∼
1
2
kηij
(z − w)2 +
iǫijkηklT
l(w)
z − w , L(z)T
i(w) ∼ T
i(w)
(z − w)2 +
∂wT
i(w)
z − w ,
T i(z)Ga(w) ∼ −
1
2
(σi)abG
b(w)
z − w , T
i(z)G¯a(w) ∼
1
2
G¯b(w)(σ
i)ba
z − w ,
L(z)Ga(w) ∼
3
2
Ga(w)
(z − w)2 +
∂wG
a(w)
z − w , L(z)G¯a(w) ∼
3
2
G¯a(w)
(z − w)2 +
∂wG¯a(w)
z − w ,
Ga(z)Gb(w) ∼ 0 , G¯a(z)G¯b(w) ∼ 0 ,
2
Ga(z)G¯b(w) ∼ 4kδ
a
b
(z − w)3 −
4(σi)abηijT
j(w)
(z − w)2 −
2(σi)abηij∂wT
j(w)
z − w +
2δabL(w)
z − w , (1)
where i = 0,± denote SU(2) triplets in the diagonal basis, while the superscripts
(subscripts) a = 1, 2 label SU(2) doublet (antidoublet) representations. The symmetric
tensors ηij = ηji = ηij are defined in the diagonal basis as η
+− = η00 = 1, while the
antisymmetric tensors ǫijk = −ǫjik = −ǫikj are similarly defined as ǫ+−0 = −i, etc., and
otherwise zero. The Pauli matrices are given by σ± = (σ1 ± iσ2)/√2, σ0 = σ3. The
corresponding notations in terms of the isospin raising and lowering by a half unit for
the iso-doublet and iso-antidoublet fermionic operators are given by
(
Ga(z)
)
=
(
G1(z)
G2(z)
)
=
(
G−(z)
G+(z)
)
,
(
G¯a(z)
)
=
(
G¯1(z), G¯2(z)
)
=
(
G¯+(z), G¯−(z)
)
. (2)
The symmetric delta function δab = δ
b
a has the standard meaning with δ
−
+ = δ
1
1 =
1, δ++ = δ
2
1 = 0, etc..
The N=4 algebra of Eq.(1) has the global SU(2) symmetry, whose zero-mode gen-
erators we hereby denote as S0 = (S
+
0 , S
−
0 , S
0
0). The generators S0 are not included in
the N=4 algebra, but are introduced here to classify the N=4 states:
[Si0, S
j
0] = iǫ
ijkηklS
l
0 ,
[Si0, Gˆ
a(z)] = −1
2
(σi)abGˆ
b(z) , [Si0,
¯ˆ
Ga(z)] =
1
2
¯ˆ
Gb(z)(σ
i)ba ,
[Si0, T
j(z)] = [Si0, L(z)] = 0 , (3)
where the doublet and antidoublet combinations of supercharges, Gˆa and
¯ˆ
Ga (a = 1, 2),
under the global SU(2) symmetry are given by [16]
(
Gˆa(z)
)
=
(
G¯1(z)
−G2(z)
)
=
(
G¯+(z)
−G+(z)
)
,
( ¯ˆ
Ga(z)
)
=
(
G1(z),−G¯2(z)
)
=
(
G−(z),−G¯−(z)
)
. (4)
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The automorphism group for the above N=4 algebra is SO(4)≈SU(2)×SU(2),
therefore the conjugate classes are characterized by two rotation angles, 2πη and 2πρ.
The corresponding boundary conditions are given by
T i(z) = e−2iπ(iη)T i(e2iπz) ,
Ga(z) = −eiπ(ρ−aη)Ga(e2iπz) ,
G¯a(z) = −e−iπ(ρ+aη)G¯a(e2iπz) . (5)
where we have used the following notation: iη = (±η, 0) for i = (±, 0) and aη = ±η
for a = ±.
The local symmetry is just the SU(2) gauge symmetry which is the left factor of
SO(4)≈SU(2)×SU(2). We have therefore the inner automorphism specified by the
local parameter α(z):
L(z) → L(z) + idα(z)
dz
T 0(z)− k
4
(
dα(z)
dz
)2
,
T 0(z) → T 0(z) + ik
2
dα(z)
dz
, T±(z)→ e±iα(z)T±(z) ,
G∓(z) → e∓iα(z)2 G∓(z) , G¯±(z)→ e±i
α(z)
2 G¯±(z) . (6)
One can therefore gauge away the η phase by choosing α(z) = iη log z [10].
Since the algebra for each choice of η is equivalent to each other through the inner
automorphism mentioned above, we may only consider a typical value of η like η = 0
or η = 1. The value η = 0 in Eq.(5) corresponds to the Ramond (R) sector, while that
of η = 1 to the Neveu-Schwarz (NS) one. In the following we shall consider the NS
case for simplicity, unless stated otherwise.
As the result of taking η = 1 we end up with the simpler periodicity conditions
specified by ρ only:
T±(z) = T±(e2iπz) ,
4
G∓(z) = eiπρG∓(e2iπz) ,
G¯±(z) = e
−iπρG¯±(e
2iπz) . (7)
Corresponding to the boundary conditions Eq.(7), we have the following Fourier mode
expansions for the generators of the NS sector:
L(z) =
∑
n∈Z
Lnz
−n−2 ,
T i(z) =
∑
n∈Z
T inz
−n−1 ,
Ga(z) =
∑
n∈Z
Ga
n+ 1
2
(1+ρ)z
−n− 1
2
(1+ρ)− 3
2 ,
G¯a(z) =
∑
n∈Z
G¯a,n+ 1
2
(1−ρ)z
−n− 1
2
(1−ρ)− 3
2 =
∑
n∈Z
G¯a,n− 1
2
(1+ρ)z
−n+ 1
2
(1+ρ)− 3
2 . (8)
Thus we conclude that one can gauge away the η phase but not the ρ phase, which
implies that all algebras which differ by the value of the parameter η are equivalent,
whereas the remaining infinite set of the algebras labeled by the ρ parameter are all
nonequivalent to each other.
For the convenience of our later use, we shall give here in terms of the Fourier
components the infinite set of nonequivalent N=4 SU(2)k superconformal algebras
which are labeled by the continuous parameter 0 ≤ ρ < 2:
[Lm, Ln] = (m− n)Lm+n + k
2
m(m2 − 1)δm+n,0 ,
[T im, T
j
n] = iǫ
ijkηklT
l
m+n + η
ij k
2
mδm+n,0 , [Lm, T
i
n] = −nT im+n ,
[T im, G
a
n+ 1
2
(1+ρ)] = −
1
2
(σi)abG
b
m+n+ 1
2
(1+ρ) ,
[T im, G¯a,n− 1
2
(1+ρ)] =
1
2
G¯b,m+n− 1
2
(1+ρ)(σ
i)ba ,
[Lm, G
a
n+ 1
2
(1+ρ)] =
(
1
2
m− n− 1
2
(1 + ρ)
)
Ga
m+n+ 1
2
(1+ρ) ,
[Lm, G¯a,n− 1
2
(1+ρ)] =
(
1
2
m− n+ 1
2
(1 + ρ)
)
G¯a,m+n− 1
2
(1+ρ) ,
{Ga
m+ 1
2
(1+ρ), G
b
n+ 1
2
(1+ρ)} = 0 , {G¯a,m− 12 (1+ρ), G¯b,n− 12 (1+ρ)} = 0 ,
{Ga
m+ 1
2
(1+ρ), G¯b,n− 12 (1+ρ)
} = 2δabLm+n − 2(m− n+ ρ+ 1)(σi)abηijT jm+n
5
+δab
k
2
(
4
(
m+
1
2
(1 + ρ)
)2
− 1
)
δm+n,0 , (9)
wherem and n run over integers. The modings for the extended SU(2) global generators
Sρ = (S
+
ρ , S
−
−ρ, S
0
0) are now given so that we have
[S+ρ , S
−
−ρ] = S
0
0 +
ρ
2
, [S00 , S
±
±ρ] = ±S±±ρ ,
[S+ρ , G
a
n+ 1
2
(1+ρ)] = 0 , [S
−
−ρ, G¯a,n+ 1
2
(1−ρ)] = 0 ,
[S+ρ , G¯a,n+ 1
2
(1−ρ)] =
1√
2
ǫabG
b
n+ 1
2
(1+ρ) , [S
−
−ρ, G
a
n+ 1
2
(1+ρ)] =
1√
2
ǫabG¯b,n+ 1
2
(1−ρ) ,
[S00 , G
a
n+ 1
2
(1+ρ)] =
1
2
Ga
n+ 1
2
(1+ρ) , [S
0
0 , G¯a,n+ 1
2
(1−ρ)] = −
1
2
G¯a,n+ 1
2
(1−ρ) ,
[Ln, S
±
±ρ] = ∓ρS±n±ρ ,
[Ln, S
0
0 ] = [T
i
n, S
±
±ρ] = [T
i
n, S
0
0 ] = 0 , (10)
where the antisymmetric tensors are defined as ǫ12 = −ǫ21 = −ǫ12 = ǫ21 = 1, otherwise
zero. The c-number term ρ/2 in the right hand side of the first equality signals the
presence of an anomaly when ρ 6= 0. Let us notice that, as this anomaly and the
equality before the last in Eq.(10) show, the global SU(2)×SU(2) symmetry is broken
down to SU(2)×U(1) when ρ 6= 0. By the way we point out that the presence of the
anomaly term just mentioned was overlooked in the paper by Yu [14].
Here we take the raising operators to be
Ln (n > 0) ,
T in (n > 0 or i = + and n = 0) ,
Ga
n+ 1
2
(1+ρ) (n ≥ 0) ,
G¯a,n+ 1
2
(1−ρ) (n ≥ 0) ,
δρ,0S
+
ρ , (11)
the Cartan subalgebra to be {L0, T 00 , k;S00}, and the lowering operators to be the
remaining generators. Then we define a highest weight representation (hwrep) of the
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algebras Eqs.(9) and (10) to be one containing a highest weight state (hws) vector
|h, j; s〉 such that
L0|h, j; s〉 = h|h, j; s〉 ,
T 00 |h, j; s〉 = j|h, j; s〉 ,
S00 |h, j; s〉 = s|h, j, ; s〉 , (12)
and
X+|h, j; s〉 = 0 , (13)
for all raising operators X+.
Now we present our construction of the FF representations for the infinite set of
the N=4 SU(2)k algebras with ρ. We use four real bosons ϕα(z) (α = 1, 2, 3, 4), and
four real fermions forming a pair of complex fermion doublet γa(z) and antidoublet
γ¯a(z) (a = 1, 2 or ±) under SU(2)k:
(
γa(z)
)
=
(
γ1(z)
γ2(z)
)
=
(
γ−(z)
γ+(z)
)
,
(
γ¯a(z)
)
=
(
γ¯1(z), γ¯2(z)
)
=
(
γ¯+(z), γ¯−(z)
)
, (14)
whose propagators are given by
〈ϕα(z)∂ϕβ(w)〉 = 〈∂ϕβ(w)ϕα(z)〉 = δαβ
z − w ,
〈γ¯a(z)γb(w)〉ρ = −〈γb(w)γ¯a(z)〉ρ =
δa
b
z − w
(
z
w
) ρ
2
. (15)
Here we note that in accordance with the periodicity conditions Eq.(7) the above
fermion pairs have been taken to satisfy the following boundary conditions
γa(z) = eiπργa(e2iπz) , γ¯a(z) = e
−iπργ¯a(e
2iπz) . (16)
As a result the gamma pairs have the Fourier mode expansions given by
γa(z) =
∑
n∈Z
γa
n+ 1
2
(1+ρ)z
−n− 1
2
(1+ρ)− 1
2 ,
γ¯a(z) =
∑
n∈Z
γ¯a,n+ 1
2
(1−ρ)z
−n− 1
2
(1−ρ)− 1
2 . (17)
7
Corresponding to the transformation properties Eqs.(2) and (4) of the supercharges,
the following rearranged pairs of the fermion fields [16] are considered to transform as
a doublet γˆa(z) and an antidoublet ¯ˆγa(z) (a = 1, 2) pairs under the global SU(2)
symmetry:
(
γˆa(z)
)
=
(
γ¯1(z)
−γ2(z)
)
=
(
γ¯+(z)
−γ+(z)
)
,
(
¯ˆγa(z)
)
=
(
γ1(z),−γ¯2(z)
)
=
(
γ−(z),−γ¯−(z)
)
. (18)
Here we shall define an extended normal-ordering operation for non-zero ρ such
that our formalism of the FF representations be given self-consistently for any value
of ρ. The ρ parameter is only relevant to fermion fields, so the following definition of
normal-ordering is sufficient for our present purpose:
×
×γ¯a(z)γ
b(w)×× ≡ γ¯a(z)γb(w)− 〈γ¯a(z)γb(w)〉ρ,div ,
×
×γ¯a(z)∂γ
b(w)×× ≡ γ¯a(z)∂γb(w)− 〈γ¯a(z)∂γb(w)〉ρ,div ,
×
×∂γ¯a(z)γ
b(w)×× ≡ ∂γ¯a(z)γb(w)− 〈∂γ¯a(z)γb(w)〉ρ,div ,
×
×∂γ¯a(z)∂γ
b(w)×× ≡ ∂γ¯a(z)∂γb(w)− 〈∂γ¯a(z)∂γb(w)〉ρ,div , (19)
where the notation 〈 · · · 〉ρ,div in a given expression 〈 · · · 〉ρ stands for the divergent
contribution when the limit w → z is taken in that expression. They are simply given
by the following ρ-independent expressions:
〈γ¯a(z)γb(w)〉ρ,div =
δa
b
z − w ,
〈γ¯a(z)∂γb(w)〉ρ,div =
δa
b
(z − w)2 ,
〈∂γ¯a(z)γb(w)〉ρ,div = −
δa
b
(z − w)2 ,
〈∂γ¯a(z)∂γb(w)〉ρ,div = −
2δa
b
(z − w)3 . (20)
The above definition of extended normal-ordering satsifies required properties like the
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antisymmetry for fermion fields whose few examples are
×
×γ¯a(z)γ
b(w)×× = −××γb(w)γ¯a(z)×× , ××γ¯a(z)∂γb(w)×× = −××∂γb(w)γ¯a(z)×× , (21)
such that a Wick contraction can be performed in a consistent manner.
In Eq.(19), note the difference from the usual definition of normal-ordering which
is given for example by
: γ¯a(z)γ
b(w) :≡ γ¯a(z)γb(w)− 〈γ¯a(z)γb(w)〉ρ , (22)
where : (· · ·) : implies that in the product (· · ·) of operators all creation operators stand
to the left of all annihilation operators. Note also that we naturally have
×
×γ
a(z)γb(w)×× =: γ
a(z)γb(w) : , ××γ¯a(z)γ¯b(w)
×
× =: γ¯a(z)γ¯b(w) : , (23)
while the difference between the two definitions Eqs.(19) and (22) is just given by a
finite ρ dependent c-number term. In particular we have
×
×γ¯a(z)γ
b(z)×× = : γ¯a(z)γ
b(z) : +
ρ
2z
δa
b ,
×
×
(
∂γ¯a(z)γ
b(z)− γ¯a(z)∂γb(z)
)
×
× = :
(
∂γ¯a(z)γ
b(z)− γ¯a(z)∂γb(z)
)
: +
ρ2
4z2
δa
b ,(24)
when the limit w → z is taken. Multiplying a fermion field γc(w) or γ¯c(w) to the first
equality in the above and performing the Wick contraction to the operator products
on both sides, one can also prove that the equalities
×
×γ¯a(z)γ
b(z)γc(z)×× = −××γb(z)γ¯a(z)γc(z)××
= : γ¯a(z)γ
b(z)γc(z) : +
ρ
2z
δa
bγc(z)− ρ
2z
δa
cγb(z) ,
×
×γ¯a(z)γ
b(z)γ¯c(z)
×
× = −××γb(z)γ¯a(z)γ¯c(z)××
= : γ¯a(z)γ
b(z)γ¯c(z) : +
ρ
2z
δa
bγ¯c(z)− ρ
2z
δbcγ¯a(z) , (25)
hold in the limit w → z.
With our definition ××(· · ·)×× of normal-ordering one can perform the OPE calcula-
tions in a compact manner for any values of 0 ≤ ρ < 2 as you would do in the usual
Neveu-Schwarz case with ρ = 0. One should only keep in mind that : (· · ·) : in the NS
case with ρ = 0 be replaced by ××(· · ·)×× everywhere in the course of the calculations,
so that one can easily keep track of the ρ dependent extra terms which show up as
the differences between the two definitions of normal-ordering. Only at the end of the
calculations one may use the relations like Eqs.(24) and (25) given above to transform
the obtained results with ××(· · ·)×× into more familiar expressions with : (· · ·) : having
ρ-dependent extra terms added.
Now we first consider the SU(2)kˆ Kac-Moody subalgebras with level kˆ. The gener-
ators are given in terms of the first three bosons by [7, 17]
J0(z) = i
√
kˆ
2
∂ϕ3(z) ,
J±(z) = :
i√
2


√
kˆ + 2
2
∂ϕ1(z)± i
√
kˆ
2
∂ϕ2(z)

 e±i
√
2
kˆ
(ϕ3(z)−iϕ2(z))
: . (26)
The corresponding contribution to the energy-momentum tensor is then given in the
Sugawara form as [7, 8]
1
kˆ + 2
∑
i,j=±,0
: J i(z)ηijJ
j(z) := −1
2
3∑
α=1
:
(
∂ϕα(z)
)2
: +i
τ
2
∂2ϕ1(z) , (27)
where
τ ≡
√
2
kˆ + 2
. (28)
The total energy-momentum tensor L(z) is obtained by adding the contribution
from the fourth boson and from the fermion doublets to Eq.(27):
L(z) = −1
2
4∑
α=1
:
(
∂ϕα(z)
)2
: +
(
i
τ
2
∂2ϕ1(z)− iκ∂2ϕ4(z)
)
+
1
2
×
×
(
∂γ¯(z) · γ(z)− γ¯(z) · ∂γ(z)
)
×
×
= −1
2
4∑
α=1
:
(
∂ϕα(z)
)2
: +
(
i
τ
2
∂2ϕ1(z)− iκ∂2ϕ4(z)
)
10
+
1
2
[
:
(
∂γ¯(z) · γ(z)− γ¯(z) · ∂γ(z)
)
: +
ρ2
2z2
]
(29)
with the parameter
κ ≡ i
2
kτ , k ≡ kˆ + 1 . (30)
The last line of Eq.(29) is obtained by use of the second identity in Eq.(24).
We also define the total SU(2)k Kac-Moody currents T
i(z) (i = ±, 0) with level
k = kˆ + 1 by adding the fermionic contribution to J i(z):
T i(z) = J i(z) +
1
2
×
×γ¯(z)σ
iγ(z)××
= J i(z) +
1
2
: γ¯(z)σiγ(z) : , (31)
where the first identiy in Eq.(24) was used to get the last expression.
Finally the N = 4 supercurrents Ga(z) and G¯a(z) (a = 1, 2 or ±) in our Feigin-
Fuchs representations are given by
Ga(z) = γa(z)i∂ϕ4(z)− 2κ∂γa(z)− iτJ i(z)ηij
(
σjγ(z)
)a
+ iτ××
(
γ¯(z) · γ(z)
)
γa(z)××
= γa(z)i∂ϕ4(z)− 2κ∂γa(z)− iτJ i(z)ηij
(
σjγ(z)
)a
+ iτ
[
:
(
γ¯(z) · γ(z)
)
γa(z) : +
ρ
2z
γa(z)
]
,
G¯a(z) = γ¯a(z)i∂ϕ4(z)− 2κ∂γ¯a(z) + iτJ i(z)ηij
(
γ¯(z)σj
)
a
− iτ××
(
γ¯(z) · γ(z)
)
γ¯a(z)
×
×
= γ¯a(z)i∂ϕ4(z)− 2κ∂γ¯a(z) + iτJ i(z)ηij
(
γ¯(z)σj
)
a
− iτ
[
:
(
γ¯(z) · γ(z)
)
γ¯a(z) : +
ρ
2z
γ¯a(z)
]
, (32)
where Eq.(25) was used to obtain the second expressions of Ga(z) and G¯a(z).
It is to be pointed out here that, when ρ = 0, the Feigin-Fuchs representations of
Eqs.(29),(31),(32) presented above are just reduced as they should be to the form of
those first constructed [7] by one (S.M.) of the present authors.
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Now, the generators Sρ = (S
+
ρ , S
−
−ρ, S
0
0) or S
i
iρ (i = ±, 0) of the extended SU(2)
global symmetry defined in Eq.(10) can be constructed as
siiρ(z) ≡
1
2
×
×
¯ˆγ(z)σiγˆ(z)×× ,
Siiρ ≡
1
2πi
∮
siiρ(z)z
iρ dz , (33)
where we note the following notation: iρ = (ρ,−ρ, 0) for each i = (+,−, 0). To be
more explicit, we have for sρ(z) =
(
s+ρ (z), s
−
−ρ(z), s
0
0(z)
)
or siiρ(z)
s+ρ (z) = −
1√
2
×
×γ
−(z)γ+(z)×× = −
1
2
√
2
ǫab : γ
a(z)γb(z) : ,
s−−ρ(z) = −
1√
2
×
×γ¯−(z)γ¯+(z)
×
× = −
1
2
√
2
ǫab : γ¯a(z)γ¯b(z) : ,
s00(z) =
1
2
×
×
(
γ−(z)γ¯+(z)− γ¯−(z)γ+(z)
)
×
× = −
1
2
: γ¯(z) · γ(z) : − ρ
2z
, (34)
with the mode expansion of γa(z) and γ¯a(z) given by Eq.(17).
With this representation of Eq.(34) we actually generate the ρ-extended SU(2) local
algebra
[Sim+iρ, S
j
n+jρ] = iǫ
ijkηklS
k
m+n+kρ + η
ij 1
2
(m+ iρ)δm+n,0 , (35)
with the following mode expansion:
siiρ(z) =
∑
n∈Z
Sin+iρz
−n−iρ−1 . (36)
By putting m = n = 0 in Eq.(35) we obtain the ρ-extended algebra of the SU(2) global
symmetry given in Eq.(10).
With Eqs.(29) and (34) we also have the OPE relation
L(z)siiρ(w) ∼ ∂w
(
1
z − ws
i
iρ(w)
)
(i = +,−, 0) , (37)
which reproduces the last two commutation relations between Ln and S
i
iρ in Eq.(10) if
it is transformed into Fourier modes. Thus we have
[Ln, S
i
iρ] = −iρSin+iρ (i = +,−, 0) . (38)
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Now we can construct highest weight states (hws) explicitly in terms of the four
bosons ϕα(z) (α = 1, 2, 3, 4) and four fermions γ
a(z), γ¯a(z) (a = 1, 2). The mode
expansions for the latter are given by Eq.(17), whereas those for the former are given
by
ϕα(z) = qα − ipα log z + i
∑
n∈Z,n 6=0
ϕα,n
n
z−n (α = 1, 2, 3, 4) . (39)
The commutators for the Fourier modes are
[ϕα,m, ϕβ,n] = mδαβδm+n,0 , [qα, pβ] = iδαβ ,
[ϕα,n, qβ] = [ϕα,n, pβ] = 0 ,
{γa
m+ 1
2
(1+ρ), γ¯b,n− 12 (1+ρ)
} = δabδm+n,0 ,
{γa
m+ 1
2
(1+ρ), γ
b
n+ 1
2
(1+ρ)} = {γ¯a,m− 12 (1+ρ), γ¯b,n− 12 (1+ρ)} = 0 . (40)
The ground state vacuum |0〉 is now defined by
ϕα,n|0〉 = pα|0〉 = 0 (n > 0) ,
γa
m+ 1
2
(1+ρ)|0〉 = γ¯a,m+ 12 (1−ρ)|0〉 = 0 (m ≥ 0) . (41)
With the vertex operators
V (t, j, j0; z) = : e
itϕ4(z)Vj,j0(z) : ,
Vj,j0(z) = : e
−ijτϕ1(z)e
ij0
√
2
kˆ
(ϕ3(z)−iϕ2(z))
: , (42)
which were first introduced by one (S.M.) of the present authors[7, 8], a primary state
with conformal dimension hρ(t, j) and SU(2) spin (j, j0) is represented as
|hρ(t, j), j0〉〉 ∼ V (t, j, j0; z = 0)|0〉 , (43)
where the conformal weight hρ(t, j) is given by
hρ(t, j) ≡ t
2
2
+ κt +
τ 2
2
j(j + 1) +
ρ2
4
=
1
2
(t+ κ)2 +
τ 2
2
(j +
1
2
)2 +
kˆ
4
+
ρ2
4
. (44)
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Note also that the following OPE relations hold[7, 8]:
J0(z)Vj,j0(w) ∼
j0
z − wVj,j0(w) ,
√
2J±(z)Vj,j0(w) ∼
−j ± j0
z − w Vj,j0±1(w) . (45)
Thus a hws vector |hρ, j; sρ〉 is now given as
∣∣∣hρ = hρ(t, j), j; sρ = −ρ
2
〉
≡ |hρ(t, j), j0 = j〉〉
∼ V (t, j, j0 = j; z = 0)|0〉 . (46)
Here we have some remarks in order. First, as to the realization of the boundary
conditions Eq.(7) by our FF representations, we note that the bosonic part J i(z) of
the SU(2)k Kac-Moody currents T
i(z) satisfies the periodicity equations
J0(z) = J0(e2iπz) ,
J±(z) = J±(e2iπz)e
∓2iπ
√
2
kˆ
(p3−ip2)
, (47)
as operator identities, while, as is clear from our vertex operator expressions Eq.(42),
the momentum eigenvalues always satisfy
p3 − ip2 = 0 (48)
for any conformal states spanned on the primary state Eq.(43) in our FF representation.
Thus the boundary conditions Eq.(7) is guaranteed to hold in a nontrivial manner for
our FF representations.
Secondly, the “charge” operator Cˆ considered by Kent and Riggs [18] is defined
here as
Cˆ ≡ 2S00 + ρ . (49)
In particular we have for the hws
Cˆ|hρ, j; sρ〉 = 0 . (50)
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Lastly, the irreducible hwreps of the ρ-extended N = 4 algebras Eq.(10) can be
constructed as quotients of its Verma modules [19], which we denote by V (hρ, j, k; ρ).
Here we define the ordering of numbers by writing (p, r) < (q, s) if p < q or both p = q
and r < s. Then, we have that if x < y, nx < ny and (px, rx) < (qy, sy). With this
notation of ordering, the Verma module is spanned by a basis of the states of the form
(
i0∏
i=1
(Lni)
ℓni
)( ∏
i=(±,0)
ji,0∏
ji=1
(
T imji
)tmji)(∏
a=±
ka,0∏
ka=1
(
Ga
pka+
1
2
(1+ρ)
))
×
(∏
b=±
lb,0∏
lb=1
(
G¯b,qlb+
1
2
(1−ρ)
))
|hρ, j; sρ〉 , (51)
where only lowering operators appear in the products, and the modes ni, mji, pka, qlb
are negative integers while the powers ℓni , tmji are positive integers. Defining
N ≡
i0∑
i=1
(−ni)ℓni +
∑
i=(±,0)
ji,0∑
ji=1
(−mji)tmji +
∑
a=±
ka,0∑
ka=1
(−pka −
1
2
)
+
∑
b=±
lb,0∑
lb=1
(−qlb −
1
2
) ,
K ≡ ∑
i=(±,0)
ji,0∑
ji=1
itmji +
∑
a=±
ka,0∑
ka=1
a
1
2
+
∑
b=±
lb,0∑
lb=1
b
1
2
=
∑
i=(±,0)
ji,0∑
ji=1
itmji +
∑
a=±
a
1
2
ka,0 +
∑
b=±
b
1
2
lb,0 ,
C ≡ ∑
a=±
ka,0∑
ka=1
1 +
∑
b=±
lb,0∑
lb=1
(−1)
=
∑
a=±
ka,0 −
∑
b=±
lb,0 , (52)
we find that the state Eq.(51) has L0-eigenvalue hρ +N − 12Cρ, T 00 -eigenvalue j +K,
and Cˆ-eigenvalue C. The Verma module splits into simultaneous eigenspaces of L0, T
0
0
and Cˆ, whose splitting can be written as
V (hρ, j, k; ρ) =
⊕
N ≥ 0
K ∈ 1
2
Z
C ∈ Z
VN,K,C(hρ, j, k; ρ) (53)
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In conclusion, we have considered the infinite number of nonequivalent algebras of
N = 4 SU(2)k superconformal symmetry labeled by the ρ parameter which specifies the
global boundary conditions for the generators of the N = 4 algebra. We have presented
the FF representations of the ρ-extended N = 4 algebras in terms of four bosons and
a pair of complex fermion doublets. The generators of the ρ-extended SU(2) global
symmetry are explicitly constructed in terms of the fermion pairs. The formalism of
the hwrep’s of the ρ-extended N = 4 SU(2)k superconformal algebras has been given
in our FF representations with ρ.
One of the authors (S.M) would like to thank Professor Tsuneo Uematsu for dis-
cussions.
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